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Noise-induced multimode behavior in excitable systems
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Based on experiments with electronic circuits, we show how a system of coupled excitable units can possess
several noise-induced oscillatory modes. We characterize the multimode organization in terms of the coherence
resonance effect. Multiple gain of regularity is found to be related to different frequency entrainments and to
the appearance of additional time scales.
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Noise can have quite different effects when acting on
cillatory or on excitable systems. In the deterministic ca
the oscillatory system already possesses an eigenfrequ
that can be modified by the random forcing@1,2#. In contrast,
the influence of noise on an excitable system is more surp
ing. Without any perturbation there is no response of
system at all, while too large fluctuations just result in
noisy output. For an appropriate noise intensity, however,
behavior of the excitable system becomes quite regula
phenomenon known as coherence resonance@3–5#. In some
cases coherence resonance can be understood as the re
of a nonlinear dynamical system to noise excitation near
bifurcation of periodic orbit@5#. The basis of such an effec
is that the power spectrum displayed by a system afte
bifurcation may be visible even before the bifurcation
noise is applied@2#. Thus, a noisy precursor of the bifurca
tion, i.e., anoise-activatedtime scale, is observed. Howeve
the effect of coherence resonance can be observed even
excitable system does not possess any kind of oscilla
behavior. The corresponding mechanism is explained
means of different noise sensitivities for the excitation a
relaxation times@4#. The trajectory in this case may be co
sidered as a motion on a stochastic limit cycle@6# with a
correspondingnoise-inducedeigenfrequency. These oscilla
tions are controlled by noise and significantly depend on
noise intensity and statistics.

While generation and entrainment of single-mode de
ministic or stochastic oscillations are well understood,
dynamics of systems with many oscillatory modes is l
studied. Many living systems perform oscillations with d
ferent modes. The thalamocortical relay neurons can ge
ate either spindle ord oscillations@7#. Recently, Neiman and
Russell@8# have found that the electroreceptors in paddlefi
possess the property of being biperiodic. The functional u
of the kidney, the nephrons, demonstrate adjustment of
trinsic slow and fast oscillations@9#. Two-mode stochastic
dynamics was studied in the context of rhythmic appla
@10#.

In contrast to previous studies we focus onnoise-induced
rather then noise-activated oscillatory modes, i.e., we fo
on time scales that are delivered and controlled by noise
that did not exist in the deterministic case. We provide
perimental observation of such multimode behavior and
vestigate the conditions of generation and entrainment of
specified modes. With this aim, we examine different imp
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mentations of coupledidenticalexcitable units with different
types of coupling that are relevant to typical problems
physics and neuroscience. Namely, we consider~i! direct
coupling when the output signal from one excitable unit
delivered to the input of another unit together with extern
noise@Figs. 1~b! and 1~c!#, and ~ii ! an electronic version of
synaptic coupling@Fig. 6~a!#.

For real information-processing systems the exter
noise is considered as more accessible for control and m
surement than the internal noise that is generally assume
be negligible. However, Gaileyet al. @13# have demonstrated
that internal noise can play a constructive role in the ope
tion of stochastic systems. In our case, we assume tha
system is influenced by a weak fluctuating field of intens
B that causes rare spontaneous firings even with vanis
external force.

In the present paper, we describe results of experime
on coupled monovibrator circuits. This electronic model@11#
captures well the essential aspects of excitable system
single monovibrator@Fig. 1~a!# generates a single electri
impulse whenever the input voltage exceeds the thresh
level Vth . The circuit employs an operational amplifier th
supplies a nonlinear response to the voltage difference
tween two inputs together with anRC chain involved in the
positive feedback that provides a time locking of the outp
circuit in an excited state via a gradual voltage change
the ‘‘1’’ input. The recharging time constant ist0

52RC ln1
2(Vth /U11), whereVth<U andU is the voltage of

power supply. Being excited by white Gaussian noisej(t) of
an appropriate intensityD, the circuit reaches the regime o
coherence resonance~CR! @11#. The noise-induced oscilla
tions become quite regular and the whole system~excitable
unit and noise! can be considered as a CR oscillator who
behavior is described by a peak frequency governed by

FIG. 1. Different implementations of coupled excitable units.~a!
Electronic circuit of a single monovibrator;~b! mutually coupled
units; ~c! circle configuration.
©2002 The American Physical Society03-1
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noise and a phase introduced as the position on a stoch
limit cycle. For such coupled functional units, we have p
viously investigated synchronization phenomena by me
of numerical simulations of a Morris-Lecar neuron mod
and by electronic experiments with a monovibrator circ
@12#. To characterize the collective response of the sys
@Figs. 1~b! and 1~c!# we use the summarized output from a
functional units. Figure 2 compares the time series from
noise sourcej(t) with the more regular response of the e
citable system in Fig. 1~c!. To characterize spectral prope
ties of such signal we consider its power spectrumS( f ) cal-
culated over a set ofL sampled realizations

S~ f !5
1

L (
i 51

L

uPi~ f !u2, ~1!

wherePi( f ) is the fast Fourier transform calculated fori th
realization from system’s output. With large enoughL ~we
use it about 200! the well-developed and smooth peaks c
be detected for excitable units in the regime of cohere
resonance. WhenS( f ) is calculated from summarized outp
signal of coupled units, all noise-induced time scales a
their mutual entrainment can be observed.

Figure 3~a! demonstrates different collective behavio
when the coupling strengthg of two symmetrically coupled
excitable units is varied. Without coupling, the second u
can generate only randomly appearing impulses due to
presence of weak internal noise with an intensityB
>0.0005V2. At the same time the first unit generates a p
nounced peak in the power spectrum. With increasingg, a
second peak appears. Within a wide range ofg, the peak
frequenciesare found to keep ratio of 1:2 and1:1. This
means that the frequency locking takes place. Howe
within some ranges of parameterg, the resonance ratio be
tween the noise-induced frequencies is broken down,
two peaks at incommensurate frequencies are clearly di
guished in the power spectrum. Corresponding regions
clearly distinguished in the three-dimensional plot. Hen
two-mode behavior is observed through the resonant
nonresonant ratio between the noise-induced frequen
Such behavior is analogous to quasiperiodic motion in
deterministic case. Note, that~i! the multimode dynamics is
induced by noise since with vanishing random excitat
none of the systems exhibit oscillations, and~ii ! there is no a
priory introduced detuning between the time scale of
systems.

FIG. 2. Examples of time series for noise input~upper panel!
and collective response from three coupled excitable units~lower
panel!.
01620
tic
-
s

l
t
m

e

e

d

it
he

-

r,

d
n-
re
,
d
s.
e

n

e

Coherence entrapments between interacting systems
also governed by noise. Figure 3~b! illustrates how distinct
phase patterns appear for a coupling strengthg50.1. With
varying noise intensityD, the frequencies of the noise
induced oscillations in the coupled systems move with
spect to one another to give rise to oscillatory modes w
two well-pronounced independent peaks in the power sp
trum. ForD ranging from 0.037V2 to 0.152V2, the 1:2 reso-
nance behavior is observed. ForDP@0.788V2,1.07V2#, fre-
quencies are locked in a 1:3 ratio@see inset in Fig. 3~b!#.

In order to quantitatively characterize the effect of coh

FIG. 3. Two-mode collective response in the system of t
mutually coupled monovibrators@Fig. 1~b!#. ~a! Three-dimensional
plot illustrating frequency entrainment with varying couplin
strength atD50.475V2. The evolution of the power spectrum
clearly shows the transitions from 1:2 frequency lockingg
50.18) to nonresonant two-mode behavior (g50.25) and, finally,
to 1:1 mode locking (g50.325).~b! With varying noise intensityD
the power spectrum diagnoses the transitions from 1:3 mode l
ing ~see inset forD50.77V2) to nonresonant two-mode behavio
and, finally, to 1:2 mode locking. Coupling strength is fixed atg
50.1.
3-2
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ence resonance, various researchers described the inhom
neity of the spectrum by different methods, including calc
lation of the signal-to-noise ratio @5,6# and the
autocorrelation function@4#. We choose a more universa
method for characterizing the regularity of oscillations us
their spectrum:

Sn~ f i !5
S~ f i !

(
i 51

i 5m

S~ f i !

. ~2!

Our approach is based on the formula of Shannon entr
applied for the normalized power spectrumSn containingm
components~2!:

E52 (
i 51

i 5m

Sn~ f i !ln„Sn~ f i !…. ~3!

E takes zero value for harmonic signal being the most re
lar. White noise is considered to be completely irregular w
homogeneous spectrum. In this case,E reaches the maxima
value

Emax52 (
i 51

i 5m
1

m
lnS 1

mD5 ln m. ~4!

The measure of regularity is calculating as

b512
E

Emax
. ~5!

Defined in this way, theb value reflects essentially the non
uniformity of the spectrum, varying from 1 for the pure
harmonic oscillations to 0 for white noise.

For a single monovibrator the plot ofb vs the noise in-
tensityD has a single pronounced maximum, i.e., the sys
exhibits coherence resonance@11#. In the present work, we
are particularly interested in establishing a relation betw
the regularity of the noise-induced oscillations and
strength of interaction. Figure 4 shows the behavior ofb
with increasingg both for the collective response of our sy
tem and for the individual units. It is clearly seen, that t
second unit produces the most regular output. It is rema

FIG. 4. Measures of regularity as a function of coupling stren
(D50.475V2) for the first (b1) and second (b2) units, and for their
collective response (b12).
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able that the local maxima of regularityb2 correspond to the
regions of 1:3, 1:2, and 1:1 mode locking, where the relat
width of the peaks in the power spectrum is considera
lower. The first unit is the subject of external random for
Dj(t). Hence, its reaction to variations ing is insignificant,
untill the coupling becomes strong (g.0.3). The collective
response regularityb12 depends ong in a nonmonotonic
way. For very weak coupling,b12'b1 since the second sys
tem receives a weak input and produces no firing. Fog
P(0.05,0.1), theb12 graph displays a considerable fall du
to a rather irregular spike generation in the second u
When g is further increased, both units enter the regime
coherence resonance andb12 generally follows the behavio
of b1 and b2, displaying maxima in the mode locking re
gions and being small in the nonresonant regimes.

The main result of the above experiments is that sy
metrically coupled identical excitable units can produce
few-mode stochastic oscillations. To confirm this propositi
we consider a circle configuration that contains three fu
tional excitable units@Fig. 1~c!#. For a certain range of con
trol parameters, a regime with three different frequencie
observed. It manifests itself as mode locked states and
nonresonant behavior~Fig. 5!. Thus, we can state that th
three-unit system is able to generate three-mode stoch
behavior.

The coupling we considered above belongs to one of
simplest types. For neuronal excitable systems, a syna

h

FIG. 5. Power spectrum illustrating three-mode collective b
havior in a system of three interacting excitable units@Fig. 1~c!# at
D50.35V2 and g50.03. Peak frequencies are estimated asf 1

5205.3 Hz, f 25403.5 Hz, andf 35549.1 Hz.

FIG. 6. ~a! Two monovibrators with delayed inhibitory cou
plings imitate the simple neural circuit.~b! Stochastic spike trains
generated by the first and second excitable units. Antiphase be
ior is indicated on average.
3-3
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~i.e., delayed inhibitory or excitatory! interaction is more re-
alistic. Below we describe the two-mode stochastic beha
of system@Fig. 6~a!# that is actually the electronic model o
the simplest breathing rhythm generator for a snail@14#. The
circuit contains self-inhibitory and mutually inhibitory cou
pling chains that can increase the threshold voltages of
first (Vth1) and second (Vth2) units. Each coupling chain
contains a rectifier and a low-pass filter with coupli
strengthgi j and time constantt i j , where i , j are the unit
numbers. Note, the self-inhibitory time constant were cho
to be equal and greater than the mutual-inhibitory time c
stants, i.e.,t115t22.t125t21.

For small noise intensityD ~which is the same for the two
units!, both excitable units keep silent most of the time, a
their threshold voltages remain equal (Vth1'Vth2). For in-
termediate noise, the coupling influence on threshold v
ages becomes significant. With this, one of two units gets
‘‘advantage’’ to suppress the firings in the other unit sin
mutual inhibition makes the in-phase regime unstable. Ho
ever, with intensive firing, the slow self-inhibitory chain wit
rate t11 ~or t22) comes into operation and suppresses
activity of the corresponding unit. This creates the best c
ditions for the excitation of the other unit. The process co
tinues in a similar way, producing a behavior with tim
varying firing rates for the two excitable units@Fig. 6~b!#.

In this operating regime, two peaks in the power spectr
are clearly distinguished@Fig. 7~a!#. The high-frequency
peak corresponds to noise-induced oscillations in the sin
system while the low-frequency peak reveals a new no
induced oscillatory mode. Hence, the system of coupled
citable units generates an oscillatory mode that is charac
ized by the values oft i j and by the relation between th
noise intensity and the initial threshold voltages (Vth1 ,
Vth2). Figure 7~b! shows how the frequency of these osc
lations ~open circles! depends on the noise intensity. It
clearly seen that with increasing noise strength, both
quencies grow~i.e., they are noise controlled! but the growth
rates are different~i.e., they are independent enough fro
each other!. For strong noise, an excitable system can
immediately pushed out from the equilibrium state in spite
the threshold voltage. The low-frequency peak in the pow
spectrum disappears, and the additional time scale no lo
exists.

The regularity of the low-frequency stochastic oscillatio
is related to the process of pulse generation in each excit
unit. Hence it is determined by the effect of coherence re
e

v
s.
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nance. Figure 7~b! illustrates that the output regularityb
~black circles! is suddenly increased when low-frequency o
cillations appear but the peak at the noise-induced eigen
quency f 2 becomes washed out because of the thresh
modulation.

In summary, we have shown that a simple system
coupled excitable functional units can generate a few os
latory modes that are induced and controlled by noise. P
sible advantages of multimode dynamics may include
following: ~i! Increased sensitivity via coherence resonan
We have found the multiple coherence resonance relate
different frequency entrainments and to the appearanc
additional time scale.~ii ! Expanded flexibility. The presenc
and interaction of two distinct oscillatory modes enrich t
dynamical patterns. The building up approach involved
citable stochastic units with self-inhibitory and mutually i
hibitory couplings can be applied to simulate neuron syste
with distinct phase relations given a priory. We consider
presented results useful for understanding and modeling
origin of rhythmic biological phenomena.

This work was partly supported by CRDF Grant N
~REC-006! and RFBR Grant No.~N 01-02-16709!. D.P. and
O.S. acknowledge support from KISTEP through t
Korean-Russian Scientific Exchange Program. O.S. a
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FIG. 7. Two-mode dynamics in the excitable system presen
in Fig. 6~a!. ~a! Power spectrum with well-pronounced peaks (D
50.34V2) and ~b! peak frequencies~open circles! and measure of
regularityb ~black circles! vs noise intensityD.
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